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assigned to the vertices of the Cay ley tree T k . The Hamiltonian is 
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1. Introduction 

It is known that in the quantum statistical mechanics concrete sys- 
tems are identified with states on corresponding algebras. In many 
cases the algebra can be chosen to be a quasi-local algebra of observ- 
ables. The states on this algebra satisfying the KMS condition, de- 
scribe equilibrium states of the quantum system. Basically, limiting 
Gibbs measures of classical systems with the finite radius of interac- 
tions are Markov random fields (see e.g. [8], [22]). In connection with 
this, there arises a problem to construct analogues of non-commutative 
Markov chains. In [1] Accardi explored this problem, he introduced 
and studied noncommutative Markov states on the algebra of quasi- 
local observables which agreed with the classical Markov chains. In 
[3], [15], [2], modular properties of the non-commutative Markov states 
were studied. In [10] Fannes, Nachtergale and Werner showed that 
ground states of the valence- bond- solid modles on a Cayley tree were 
quantum Markov chains on the quasi-local algebra. In the present pa- 
per we will consider Markov states associated with nearest neighbour 
models on a Cayley tree. Note the investigation of the type of quasi-free 
factors (i.e. factors generated by quasi-free representations) has been 
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an interesting problem since the appearance of the pioneering work of 
Araki and Wyss [5]. In [21] a family of representations of uniformly 
hyperfinite algebras was constructed, which can be treated as a free 
quantum lattice system. In that case factors corresponding to those 
representations are of type IIIa, A G (0, 1). More general constructions 
of product states were considered in [4]. 

Observe that the product states can be viewed as the Gibbs states 
of Hamiltonian system in which interactions between particles of the 
system are absent, i.e. the system is a free lattice quantum spin sys- 
tem. So it is interesting to consider quantum lattice systems with 
non-trivial interactions, which leads us, as mentioned above, to con- 
sider the Markov states. Simple examples of such systems are the Ising 
and Potts models, which have been studied in many papers (see, for 
example, [24]). We note that all Gibbs states corresponding to these 
models are Markov random fields. The full analysis of the type of von 
Neumann algebras associated with the quantum Markov states is still 
an open problem. Some particular cases of the Markov states were 
considered in [11], [14], [17], [18], [19]. 

The present paper is devoted to the type analysis of some class of 
diagonal quantum Markov states, which correspond to a A-model on 
the Cayley tree, in which spin variables take their values in a set $ = 
{rji, ...,i] q }, where r]k G K 9-1 , k — 1, . . . , q. Observe that the considered 
model generalizes a notion of A-model introduced in [23], where the spin 
variables take their values ±1. 

2. Definitions and preliminary results 

The Cayley tree T k of order k > 1 is an infinite tree, i.e., a graph 
without cycles, such that each vertex of which lies on k + 1 edges. Let 
T k = (V, A), where V is the set of vertices of T h , A is the set of edges of 
T k . The vertices x and y are called nearest neighbor, which is denoted 
by I =< x, y > if there exists an edge connecting them. A collection of 
the pairs < x, X\ >, < x d _i,y > is called path from the point x to 
the point y. The distance d(x,y),x,y G V, on the Cayley tree, is the 
length of the shortest path from x to y. 

We set 

W n = {x G V\d(x,x°) = n}, 

V n = U n m=1 W m = {xe V\d(x,x°) < n}, 

L n = {I =< x,y >G L\x,y G V n }, 
for an arbitrary point x° G V. Denote |x| = d(x,x ), x G V. 
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Denote 



S(x) = {ye W n+1 : d(x,y) = 1}, x e W n . 



This set is made of the direct successors of x. Observe that any 
vertex x ^ x° has k direct successors and x° has k + 1 . 

Theorem 2.1. There exists a one-to-one correspondence between the 
set V of vertices of the Cayley tree of order k > 1 and the group Gfc+i 
of the free products of k + 1 cyclic groups of the second order with 
generators ai, a 2 , a k +i- 

Consider a left (resp. right) transformation shift on Gk+i defined as 
follows. For g G Gk+i we put 



It is easy to see that the set of all left (resp. right) shifts on Gk+i is 
isomorphic to the group Gk+i- 

Let $ = {?7i, 772, r] q }, where 771, 772, r) q are vectors in such 
that 



We consider models where the spin takes values in the set $ = 
{rji, t)2, T] q } and is assigned to the vertices of the tree. A configu- 
ration on V is then defined as a function x E V — > a(x) G $; the set 
of all configurations coincides with Q — $ . The Hamiltonian is of an 
A-model form : 



where J G M. n is a coupling constant and the sum is taken over all 
pairs of neighboring vertices < x,y >, a G f2. Here and below A : 
$ x $ x ]R n — > H. is some given function. 

We note that A-model of this type can be considered as a generaliza- 
tion of the Ising model. The Ising model corresponds to the case q = 2 
and \(x,y; J) = —Jxy. 

We consider a standard cr-algebra JF of subsets of Q generated by 
cylinder subsets, all probability measures are considered on (f2,jF). A 
probability measure \x is called a Gibbs measure (with Hamiltonian H\) 
if it satisfies the DLR equation: for n — 1, 2, ... and a n G <3> y ": 



T go h = 9oh (resp. T go h = hg , ), he G k+1 . 




(1) 




(2) 



<x,y> 
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where v v ? is the conditional probability 



v l\ w M = Z l (u\ Wn+1 )exp{-l3H((j n \\uj\ Wn+1 )). 

vv n+l 

where f3 > 0. Here s n \y n and w|w n+ i denote the restriction of a, uj G 
Q to V n and W n+ \ respectively. Next, o~ n : x G — > a" n (x) is a 
configuration in 14 and if (<7 n | Mvf„+i) is defined as the sum H(a n ) + 
t/"((T n ,w|w„ +1 ) where 

H(a n )= ^2 H (J n(x),a n (y);J) : 

<x,y>£L 

n 

U(<T n ,w\ Wn+1 ) = Yl H cr n(x),uj(y);J) . 

<x,y>:x€V n ,y€W n+ i 

Finally, Z(cu\w n+1 ) stands for the partition function in V n with the 
boundary condition w|w„ + i : 

z (v\w n+ i)= Yl e xv(-P H ( a n\\u\ Wn+1 ) ■ 

Since we consider nearest neighbour interactions, the Gibbs measures 
of the A-model possess a Markov property: given a configuration uo n on 
W n , random configurations in V n -\ and in V \ V n+ \ are conditionally 
independent. It is known (see [26]) that for any sequence u/ n ) G f2, any 
limiting point of measures z/ 1 ^ , is a Gibbs measure. Here v v ^ 

is a measure on Q such that W > n: 



~v„ 

V , 



V lU\ w Mv n ), if °n>\v n ,\V n =^ {n) \v n ,\V n 

0, otherwise. 

We now recall some basic facts from the theory of von Neumann 
algebras. Let B{H) be the algebra of all bounded linear operators 
on the Hilbert space H ( over the field of complex numbers C). A 
weak (operator) closed *-subalgebra Af in B(H) is called von Neumann 
algebra if it contains the identity operator 1. By Proj{H) we denote 
the set of all projections in N '. A von Neumann algebra is a factor if 
its center 

Z[M := {x G Af : xy = yx, Vy G A/"} 
is trivial, i.e., Z(N) = {Al : A G C}. The von Neumann algebras 
are direct sum of the classes I (I n ,n < oo, loo), II (Hi, H<x>) and III. 
Further, a factor is of only one type among these listed above, see e.g. 
[30]. An element x G Af is called positive if there is an element y G Af 
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such that x = y*y. A linear functional u on Af is called a state if 
uj(x*x) > for all x G Af and lu(T) — 1. A state a; is said to be 
normal if cj(supx Q ) = supw(i a ) for any bounded increasing net {x a } 

a a 

of positive elements of Af. A state u is called irace (resp. faithful) if the 
condition cu(xy) = uj(yx) holds for all x,y e Af (resp. if the equality 
uj(x*x) = implies x — 0). 

Let A/" be a factor, w be a faithful normal state on A/" and be 
the modular group associated with uj (see Definition 2.5.15 in [6]). We 
let T(a w ) denote the Connes spectrum of the modular group af (see 
Definition 2.2.1 in [6]). 

For the type III factors, there is a finer classification. 

Definition ([9]). The type III factor Af is of type 

(i) IIIi, if r(cr w ) = R; 

(ii) III A , if T(cr^) = {nlog A, n G Z}, A G (0,1); 

(iii) IIIo, if r( < r w ) = {0}; 

see, e.g. [6], [28] for details of von Neumann algebras and the modular 
theory of operator algebras.) 

3. Construction of Gibbs states for the A-model 

In this section we give a construction of a special class of limiting 
Gibbs measures for the A-model on the Cayley tree. 

Let h : x — > h x = (hi tX , h^ x , hq-i,x) £ M 9-1 be a real vector-valued 
function of x G V. Given n — 1,2, ... consider the probability measure 
jji n ) on $ y ™ defined by 

^ n \a n ) = Z- 1 exp{-/3#K) + ^ h x a(x)} , (3) 

xew n 

Here, as before, a n : x & V n —> cr n (x) and Z n is the corresponding 
partition function: 

Z n = ^ exp{pH(a n ) + ^(z)}. 

The consistency conditions for ji^ n \a n ),n > 1 are 

^^ W K-i^ W ) = A* (n_1) K-i) , (4) 

cr( n ) 

where = {<t(x),x G W n }. 

Let Vi C V2 C ... U^V^ = V" and Hi, ^2, ■■■ be a sequence of proba- 
bility measures on $ y2 , ... satisfying the consistency condition (4). 
Then, according to the Kolmogorov theorem (see, e.g. [25]), there exists 
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a unique limit Gibbs measure Hh on Q such that for every n — 1, 2, ... 
and a n G $ y ™ the equality holds 

J W\ Vn = a n }) = ^ n \a n ) . (5) 



Further we set the basis in IR^ 1 to be 771,772, ■■■,Vq-i- 
The following statement describes conditions on /i x guaranteeing the 
consistency condition of measures fi^(a n ). 

Theorem 3.1. The measures / u (n - ) (o" n ), n = 1,2,... satisfy the consis- 
tency condition (4) if and only if for any x G V the following equation 
holds: 

K = £ A) , (6) 

j,es(x) 

i/ere ; and below h' x stands for the vector -^h x and F : R 9_1 — > 
function is F(h; A) = (Fi(h; A), F q _i(h; A)), wit/i 

F i (h 1 ,h 2 ,...,h q - 1 ;X) (7) 

E!=J exp{-/5A(r/i, J)} exp ^ + exp-f-^A^, 77^; J)} 

— log — , 

Ejli exp{-/3A(?7 ? , 77j-; J)} exp + exp{-/3A(<7„ 77^; J)} ' 

i = 1,2, ...,q- 1, h= (h 1 ,...,h q _ 1 ). 

The proof uses the same argument as in [18], [19]. Denote 
V = {h = (h x G R^ 1 :xeV): h x = £ F(h y , A), Vx G V} . 

j/6S(x) 

According to Theorem 3.1 for any h = (h x ,x £ V) <E V there exists 
a unique Gibbs measure /ih which satisfies the equality (5). 

If the vector-valued function h° = (h x = (0, ...,0),x G V) is a solu- 
tion, i.e. h° ET> then the corresponding Gibbs measure /ig^ is called 
the unordered phase of the A-model. Since we deal with this unordered 
phase, we have to make an assumption which guarantees us the exis- 
tence of the unordered phase. 

Assumption A. For the considered model the vector-valued function 
h° = (h x = (0, 0, 0), x G V) belongs to V. 

This means that the equation (6) has a solution h x = ho = 0, x G V. 

According to Theorem 2.1 any transformation S of the group Gk+i 
induces an automorphism S on V. By Qk+i we denote the left group of 
shifts of Gk+i- Any T G Gk+i induces a shift automorphism T : f2 — > VI 
by 

(fa){h) = a(Th), h G G k+1 , a G SI . 
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It is easy to see that /Xq °T = /Xq for every T e ^fe+i- As mentioned 
above, the measure /x^ has a Markov property (see, [27]). 

Assumption B. We suppose that the measure /xj^ enables a mixing 
property, i.e. for any A,B e T the following holds 



Note that the last condition is satisfied, for example, if the phase 
transition does not occur for the model under consideration. 



4. Diagonal states and corresponding von Neumann 



Consider C*-algebra A = <g> r kM q (C), where M 9 (C) is the algebra 
of q x q matrices over the field C of complex numbers. By e^, i, j G 
{1, 2, q} we denote the basis matrices of the algebra M q (C). We let 
CMq(C) denote the commutative subalgebra of M q (C) generated by the 
elements en i = {1, 2, q}. We set CA = ® T kQM q (C). Elements of 
commutative algebra CA are functions on the space Q = {e n , e qq } rk . 
Fix a measure \i on the measurable space (Q,B), where B is the a- 
algebra generated by cylindrical subsets of Q. We construct a state 
uo^ on A as follows. Let P : A — > CA be the conditional expectation, 
then the state is be defined by oj^x) = /i(P(x)), x e A, here 
fj l (P(x)) means an integral of a function P(x) under measure /x, i.e. 
fx(P(x)) = J n P(x)(s)dfi(s) (see [29]). The state is called diagonal. 

By cJq^ we denote the diagonal state generated by the unordered 
phase fiQ X \ The Markov property implies that the state Uq X ^ is a quan- 
tum Markov state (see [3]). On a finite dimensional C*-subalgebra 
Ay n = ®v n M g (C) C A we rewrite the state uj^ as follows 



|fl|->oo 



lim ^ x \f 9 (A)nB)=^ X \A)^ x \B). 



(8) 



ALGEBRAS 




tr(e H ^x) 
tr{eH(Vn)) ' 



x E A- 



(9) 



where tr is the canonical trace on Ay n . The term A((j(a;)a"(y); J) in (4) 
is given by a diagonal element of M q (C) ®M„(C) in the standard basis 
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as follows 



/ bm • 





(3X(a(x),a(y);J) 



\ 




(10) 



\ • • • J 

Here, B^> = (bij,k)ij=i, k = l,dots,q are q x q matrices, and 



Hj,k 



~PKVk,Vh-J), i=3, i = l,...,q 
0, 



;n) 



Consequently, using (9) and from (10), (11) (cp. [26], Ch.l, §1) the 
form of Hamiltonian H(V n ) in the standard basis of Ay n (i.e. under 
the basis matrices) is regarded as 

/ • • • \ 



H(V n ) = Yl 

n 



BP) 



\ • 

Denote A'i = ir (\)(A)", where 7r (aj is the GNS 





Bit) J 
representation 



associated with the state uj K q' (see Definition 2.3.18 in [6]). Our goal 
in this section is to determine a type of M.. 

Remark. In [29] general properties of a representation associated 
with diagonal state were studied, but there concrete constructions of 
states were not considered. In [20] a deep classification of types of fac- 
tors generated by quasi-free states has been obtained. For translation- 
invariant Markov states the corresponding type analysis has been made 
in [13]. The investigation of the type of factor arising from translation 
invariant or periodic quantum Markov states on the one dimensional 
chains is contained in [11]. 

Now we define translations of the C*-algebra A. Every T e Gk+i 
induces a translation automorphism tt : A — > A defined by 

t t ( Yl a x) = II a T(x) ■ 
xev„ x&v„ 

Since measure /ig^ satisfies a mixing property (see (8)), then we 
can easily obtain that lo^ also satisfies the mixing property under the 



translations {ttItg^+h i- e - f° r an a,b E A the equality holds 
lim J X \r g (a)b)=J X \a)J X \b). 

|p|->oo 

According to Theorem 2.6.10 in [6], the algebra M. is a factor. We note 
that the modular group of Ai associated with ou^ is defined by 

(A) 

of" (x) = lim exp{?t#(A)}a;exp{-it#(A)}, 

ATrfc ^ (12) 

where -ff(A) = ®x,y ^ i s we ^ know that the last limit exists 

<x,y>eA 

if a suitable norm of the potential H is finite (see Theorem 6.2.4. [7]). 
First of all, we recall the definition of the norm of a potential ^ = 

ii*n d = 5> d "(sup Yl ll*P0ID> 

n>0 :cerfc i:eX,|X|=n+l 

where d > 0. Here GA X = ® x M g (C). 

Now we compute 

||#|| d = e 2d (sup \\®u,v\\) = ke2d SU P 

x&k xex,x={u,v} ^ eL 

=ke 2d m&x | logpjj^l < oo . 

i,j,k 

Hence the norm of H is finite, therefore the limit in (12) exists. 
By Ai a one denotes the centralizer of lVq X \ which is defined as 

(AJ 

M a = {x e M : a? (x) = x, t el}. 

Since is Gibbs state, according to Proposition 5.3.28 [7], the cen- 
tralizer M a coincides with the set 

M uW = {xeM: J X \xy) = J X \yx), y e M} , (13) 

where we denote by uj^ also the normal extension of the state under 
consideration to all of M.. 

By II[n] we denote the group of all permutations 7 of the set V n such 
that 

7(x) = x, x eW n . 
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Every 7 G II [ra] defines an automorphism a 7 : M. — > .M by 

a 7 \® x<tVn M q {C)= id, 

where id is the identity mapping. 
Denote 

= IJKI7 e n[n]}. 

Simply repeating the proof of a proposition in [16], we can prove the 
following 

Lemma 4.1. The group 

G = {a G So| <4 A) (<*(*)) =4 A) 0*0> ^eTW}, 

acts ergodically on M., i.e. the equality a(x) = x, a G G implies 
x = 91,9eC. 

Lemma 4.2. TTie centralizer M. a is a factor of type 

Proof. From the definition of the automorphism a 7 (see (14)), it is 
easy to see that every automorphism a G Go is inner, i.e. there exists a 
unitary u a G M. such that a(x) = u a xu* a ,x G M.. From the condition 

( A ) ( A ) r; 1 

oa = ^'we find 

It follows from (13) that u a E M. (a>. According to Lemma 4.1 the 

group Go acts ergodically, this means that the equality u a x = xu a for 
every a G Go implies x = 91, 9 G C. Hence, we obtain {-u a |o; G Go}' = 
CI. Since M u ' C {u a }' we then get 

M a ' n yVf = CI . 

In particular yVf CT ' fl M. a = CI. This means that yVf°" is a factor. □ 

Now we are able to prove main result of the paper (compare with 
the analogous result in [11]). 

Theorem 4.3. 

(i) If the fraction 

M^vJh} J) - Kvm,vi; J) 

\(r] k ,r] p ; J) - \(r} u ,r} v ; J) ' 

is rational for every i,j,m,l, k,p,u,v G 1,2, ...,q, whenever the 
denominator is different from 0, then the von Neumann algebra 
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M. associated with the quantum Markov state corresponding to 
the unordered phase of X-model (2) on a Cayley tree is a factor 
of type III e . 

(ii) If M. is a type of IIIi factor, then all the fraction cannot be 
rational. 

Proof. It is known (see Proposition 2.2.2 in [9]) that Connes' spectrum 
r(a) of group of automorphisms a = {a g } g€ c of von Neumann algebra 
M has the following form 

r(a) = f]{Sp(a e )\e G Proj(Z(M a )), e ^ 0} , (15) 

where a e (x) = a(exe),x G eMe and Z(M a ) is the center of subalgebra 

M a = {x G M : a g (x) = x, g G G} . 

Here, Sp(a) be the Arveson's spectrum of group of automorphisms 
a (see for more details [9], [28]). 

By virtue of Lemma 4.2 we have Z(M a ) = CI. The equality (15) 

implies T(a J ^) = Sp(a J ^). 

We now consider the operator H(V n ) = Yl ®x, y ■ We let Sp(H(V n )) 

n 

denote the spectrum of the operator H(V n ). Setting 

(A) 

a" ,n (x) = exp{itH{V n )}xexp{-itH(V n )}, xeM, 
we obtain 

Sp(o*™ n ) = Sp(H(V n )) - Sp(H(V n )) = {X - ii : A,/i G Sp(H(V n ))} . 

(16) 

It is clear that [3X(i]i, rjk] J) G Sp(H(V n )), \/i,k G 1, . . . , q. Formula 
(16) then implies that Sp{a u o > n ) is generated by elements of the form 

Hvi,vr,J) -Kvk,vi;J), i,j,k,i ei,...q. 

Since ^fa'^' J ) Kvm,m,J) j g a ra tj ona i number, then there is a number 
7 G (0, 1) and integers m^j^i G Z, (i, j, k, I G {1, 2, q}) such that 

Hvi,Vj;J) - Kvk,vr,J) = m,j,k,i lo si ■ (17) 

Hence we find that an increasing sequence {E'(n)} of subsets Z such 
that E(—n) = —E(n) and 5^(^(14)) = {m\og^} m( zE(n) is valid. It 
follows that 

Sp{a^ ) C {nlog7} n6Z . 
Hence there exists a positive integer d G Z such that we have 

rKo A) ) = {nlog 7 d }„ e z. 
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This means that M. is a factor of type Ilhj, 6 = r y d . 



□ 



5. Applications and examples 

5.1. Potts model. We consider the Potts model on the Cayley tree 
T k whose Hamiltonian is regarded as 

<x,y> 

where J G K. is a coupling constant, as usual < x, y > stands for the 
nearest neighbor vertices and as before cr(x) G $ = {771, 772, ...,i] q }. Here 
5 is the Kronecker symbol. 
Equality (1) implies that 

Sa(x)a(y) = <L ^ L (v(x)<j(y) + ^—^J , 

for all x,y G V. The Hamiltonian H(o~) is therefore 

H(a) = - J2 Mx)°(v), (18) 

<x,y>eL 

where J' = - — -J. 

q 

Hence the A-model is a generalization of the Potts model, that is in 
this case the function A:$x$xR^IRis defined by X(x,y; J') = 
—J'(x,y). Here, x, y G IR^ 1 and (x,y) stands for the scalar product in 
R 9-1 . From (1) it is easy to see that 

{J, Hi — j 
j ( 19 ) 
"FT' lf 

From (19) and (6) we can check that the assumption A (see section 
3) is valid for the Potts model. So there exists the unordered phase. 

From (19) we can find that the fraction ^ Vj] J " ^ m J '\ , 

\{r] k ,r] p ; J') - \{r) u ,r) v ; J') 

takes values ±1 and 0. So by Theorem 4.3 a von Neumann algebra M 

f 

is a IIL^-factor. From (17) we may obtain that <fi = exp 



Hence we obtain the following 



(9-1) 



Theorem 5.1. The von Neumann algebra M. corresponding to the 
unordered phase of the Potts model (18) on a Cayley tree is a factor of 

f —J'q 

type IH^k, for some k G Z, k > 0, where (ft = exp <.-^ -j- 
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Remark. If q = 2 the considered Potts model reduces to the Ising 
model, for this model analogous results were obtained in [17]. For a 
class of inhomogeneous Potts model similar result has been also ob- 
tained in [18]. 

5.2. Markov random fields. In this subsection we consider 
when X(x, y) function is not symmetric and the corresponding Gibbs 
measure is a Markov random field (see [27]). 

Let P = (Pij)fj=i be a stochastic matrix such that Pij > for all 
i,j G l,d. Define a function X(x, y) as follows: 

KVi,Vj) = -logPij, (20) 

for all i, j G {1, ■ ■ • , d}. From now on, we will consider the case (3=1 
and q = d. It is easy to verify that Assumptions A and B, for the defined 
function A, are satisfied. By \x we denote the corresponding unordered 
phase of the A-model. Observe that if the order of the Cayley tree is 
k = 1 then the measure /i is a Markov measure, associated with the 
stochastic matrix P (see [27]). 

By Up one denotes the diagonal state corresponding to the measure 
H on C*-algebra A = <g> r *M d (C). 

Theorem 5.2. Let P = (Pij)fj = i be a stochastic matrix such that 
Pij > for all i,j = 1, . . . d and at least one element of this matrix is 
different from 1/2, and u^ be the corresponding Markov state. If there 
exist integers rriij i,j e {1, . . . , d}, and some number a G (0, 1) such 
that 

^ = a m ^, (21) 
Pi,j 

then 7t Wm (A)" is a factor of type Illg for some 9 G (0, 1). 

In order to prove this theorem it should be used the rationality con- 
dition of Theorem 4.3. Namely, if the condition (21) is satisfied then 
using (20) one can see that the rationality condition holds, so we get 
the assertion. 

Remark. If all elements of the stochastic matrix P equal to 1/2 
then the corresponding Markov state u^ is a trace and consequently 
ti^^A)" is the unique hyperfinite factor of type Hi . 

Remark. There is a conjecture (see for example, [31]) that every 
factor associated with GNS representation of a Gibbs state of a Hamil- 
tonian system having a non-trivial interaction is of type IIIi . Theorems 
4.3 and 5.2 show that the conjecture is not true even if the Hamiltonian 
has nearest neighbour interactions. 
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